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Fig. 1. Examples of general planar polygons: (a) two single
polygons without inner contours; (b) a single polygon with two
inner contours; (c) two single polygons with inner contours.
Yu Peng et al. / Computers & Graphics 29 (2005) 57–7058other polygon [17]. de Berg et al. provide a note on
Boolean operations for planar polygons using the map
overlay algorithm [1].
Recently, Rivero and Feito [25] presented a simple
and efﬁcient algorithm for Boolean operations on planar
polygons. It is suitable for general planar polygons
(manifold or non-manifold, with or without holes). It is
based on a mathematical model of simplicial chains [24],
and is very easy to be implemented. Comparison
between their work and previous work has been made
in Ref. [25]. Ref. [25] shows that their algorithm is at
present the most efﬁcient algorithm among all the
available ones that can be used to calculate the three
Boolean operations.
This paper gives a simpler, more robust and more
efﬁcient Boolean operation algorithm with respect to the
algorithm by Rivero and Feito. As with this algorithm,
we also adopt the simplex theory to handle general
polygons. However, we do not need to calculate the level
of each simplex and the subordination between two
simplices. We only need to judge whether a point is on
an edge of a simplex or inside a simplex. Therefore, our
algorithm is simpler than their algorithm. The new
algorithm is robust. It can deal with general planar
polygons (manifold or non-manifold, with or without
holes, non-degenerate or degenerate). For example, it
handles cases that cause the Rivero and Feito algorithm
to fail. The new algorithm is efﬁcient. Its execution time
is less than one-third of one of the Rivero and Feito
algorithm.
The remaining part of the paper is organized as
follows. The necessary deﬁnitions and principles for our
algorithm are given in Section 2. The algorithm is
presented in Section 3. Some examples as well as some
comparison, which are made in Section 4, will illustrate
the efﬁciency and robustness of our algorithm. The
concluding remarks are presented in Section 5.2. Deﬁnitions and principles
A general planar polygon is a single polygon or a
polygon consisting of a set of non-intersecting single
polygons. The boundary of a single polygon consists of
one outer contour and several non-intersecting inner
contours. Each contour is represented by several
directed edges and may be convex or concave. The
outer contour is oriented in counterclockwise fashion
and the inner contours in clockwise fashion. Thus, the
interior of the polygon is on the left side of each directed
edges. Some examples of general polygons are shown in
Fig. 1. In our subsequent discussion, all polygons are
assumed to be general planar polygons.
This paper assumes that the general polygons are
deﬁned in the ﬁrst quadrant. A translation is enough to
move any general polygon into the ﬁrst quadrant if it isnecessary to do so. We ﬁrst introduce three preliminary
deﬁnitions and a lemma of previous work [24,26,27]
which are referred to in this paper. The deﬁnition of a
simplicial chain is as follows:Deﬁnition 1. As shown in Fig. 2(a), a two-dimensional
simplex is an ordered triangle. Given a sequence of
simplices S1;S2; . . . ;Sn; where n 2 Z; the signed areas of
Si ði ¼ 1; 2; . . . ; nÞ are denoted by ½Si; and the coefﬁ-
cients of Si ði ¼ 1; 2; . . . ; nÞ are given by
ai ¼ signð½SiÞ ¼
1 if ½Si is positive;
1 if ½Si is negative;
0 if ½Si is zero:
8><
>:
The collection of the sequence fSigni¼1 and the sequence
faigni¼1 is called a two-dimensional simplicial chain, and
is denoted by l ¼Pni¼1 ai 
 Si:
In the remainder of the paper, when a coefﬁcient of
one simplex equals ‘þ1’ or ‘1’, we write ‘+’ or ‘’ for
short before the simplex for brevity, and we follow Ref.
[24] to override the symbol ‘‘
P
’’. When it operates on
two sequences (one that refers to simplices and the other
to their coefﬁcients), it signiﬁes the collection; and when
it operates on numbers, it signiﬁes their algebraic
sum. Thus, no confusion could arise over the symbol
overriding.Deﬁnition 2. A simplex is an original simplex if and
only if the originO is a vertex of the simplex. LetOV1V2
be an original simplex. The edge OV1 and the edge OV2
are called original edges, and the other edge V1V2 is
called a non-original edge.
We suppose that the simplicial chains in the remainder
of the paper are made of original simplices with their
coefﬁcients. From a two-dimensional simplicial chain,
we could obtain a polygon associated with it. Fig. 2(b)
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Fig. 2. Examples: (a) three simplices S1; S2 and S3 with coefﬁcients 1, 1 (in gray) and 1, respectively; (b) a general polygon (gray
area) associated with a simplicial chain l ¼ S1  S2 þ S3:
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Fig. 3. An associated simplicial chain of a given triangle.
Yu Peng et al. / Computers & Graphics 29 (2005) 57–70 59gives such an example, and the deﬁnition is as follows:
Deﬁnition 3. Given a simplicial chain
l ¼
Xn
i¼1
ai 
 Si where n 2 Z and ai ði ¼ 1; 2; . . . ; nÞ
are the coefficients of Si;
for any point Q 2 R2; a characteristic function f l on l is
deﬁned by
f lðQÞ ¼
1 if Q is on the non-original edge of
some Si ði ¼ 1; 2; . . . ; nÞ;
Pn
i¼1
bi otherwise;
8>><
>>:
where
bi ¼
ai if Q is inside the open region of Si;
1
2
ai if Q is on some original edge of Si;
0 otherwise:
8><
>:
The closed set of the point set given by
Pl ¼ fQj f lðQÞ ¼ 1; Q 2 R2g
is a polygon, called the polygon associated with l:Thus, from an arbitrary simplicial chain, we could obtain
a polygon associated with it. Inversely, from a general
polygon, we could ﬁnd its associated simplicial chain as
well. The method for generating an associated simplicial
chain of a polygon is given by the following lemma.
Lemma 1. Let P be a general polygon determined by n
ðn 2 ZÞ edges e1; e2; . . . ; en: Let Si be the original simplex
determined by the origin O and the edge ei; and let ai be
the coefficient of Si; where i ¼ 1; 2; . . . ; n: Then P is a
general polygon associated with the simplicial chain l ¼P
ai 
 Si; and l is called the associated simplicial chain of
the polygon P.
An example of an associated simplicial chain of a
triangle is shown in Fig. 3. The associated simplicial
chain of the triangle has three simplices (S1;S2 and S3
see Fig. 3). In this example, the coefﬁcients of Si ði ¼
1; 2; 3Þ are 1; 1 and 1, respectively. According to
Deﬁnition 3, the procedure for calculating the polygon
associated with l ¼ S1  S2 þ S3 is also given in Fig.
3. At each point Q, the characteristic function f lðQÞ
may equal 0, 1 or 1 for l ¼ S1; l ¼ S1  S2 and
l ¼ S1  S2 þ S3; respectively. Those three different
values are represented by three different gray values at
the corresponding points in Fig. 3. As shown in Fig. 3,
the resultant polygon (Fig. 3(d)) associated with the
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Yu Peng et al. / Computers & Graphics 29 (2005) 57–7060simplicial chain l ¼ S1  S2 þ S3 is exactly the given
triangle (Fig. 3(a)).
In order to obtain an efﬁcient and robust algorithm,
we need some new deﬁnitions and theorems. Deﬁnition 4
gives the fundamental deﬁnition that a directed edge is
contained within one general polygon.
Deﬁnition 4. A directed line segment e
*
(for example,
a directed edge of a general polygon) is contained
within one general polygon P (denoted as e
*  PÞ if and
only if exactly one of the following three conditions is
satisﬁed:Fi
poe
*
is totally contained in the open region of P (for
example e
*
1 in Fig. 4),
* e is totally contained in the open region of P, except
at the start point or/and at the end point (for example
e
*
2; e
*
3 in Fig. 4),
* both the start point and the end point of e lie on a
directed edge of the polygon, which has the same
orientation as e
*
(for example e
*
4; e
*
5 in Fig. 4).
All possible cases of intersection between two edges e1
and e2 are as follows: e1 and e2 have no intersection point,
 e1 and e2 have exactly one intersection point that does
not coincide with any of the vertices of e1 or e2; e1 and e2 have exactly one intersection point, and this
point is a vertex of e1 or e2; the intersection result between e1 and e2 is a line
segment.
In the remainder of this paper, the intersection
point between two edges e1 and e2 is assumed to
be of the second type. Thus, the number of the
intersection points between two given edges is no
more than 1, and that of the intersection points between
the boundaries of two general polygons is alwaysP
e3
e5
e1
e2
e4
g. 4. Examples of directed edges contained within a general
lygon.ﬁnite. For a case of the third type, a vertex of one
edge, which lies on the other edge, will be called a
touching point. For a case of the forth type, i.e. when
one edge overlaps the other edge, the two endpoints of
the shared line segment will be called touching points as
well. The deﬁnition of touching points is summarized as
follows.
Deﬁnition 5. Given two polygons, if an edge of one
polygon overlaps an edge of the other or if a vertex of
one polygon lies on an edge of the other, then the
endpoints of the overlapped line segment and the vertex
are called touching points.
Thus, the number of the intersection points and
touching points of two general polygons is ﬁnite, and we
could subdivide the two general polygons in the
following way: calculate the intersection points and touching points
of all edges from the two general polygons, subdivide the directed edges of the two general
polygons into smaller directed edges at the intersec-
tion points and touching points, establish the new general polygons from the sub-
divided directed edges.
Fig. 5 gives an example of the subdivision pro-
cess of two general polygons. Let P1 and P2 be two
polygons, and e
*
be an arbitrary directed edge of P1:
After the subdivision process, there are only three
possible cases for the position relationship between e
*
and P2:  e* is a directed edge of P2;
* * e is contained within P2; i.e., e  P2;
* e has no point in the open region of P2:Hence, we have the following theorem.
Theorem 1. Let P1 and P2 be two general planar
polygons after the subdivision process, and e
*
be a directed
edge of P1: Assume that neither e
*
nor  e* is a directed
edge of P2: Then, e
*  P2 if and only if the midpoint of e*
is in P2:
In Theorem 1, the deﬁnition of e
*  P2 is given by
Deﬁnition 4. Let l be the associated simplicial chain of
P2; which is created according to Lemma 1. Deﬁnition 3
implies that the characteristic function f lðQÞ can decide
whether a two-dimensional point Q belongs to P2:
Therefore, simplex theory could be used to determine
whether a directed edge is contained within a polygon or
not.
Deﬁnition 6. Let P1 and P2 be two general planar
polygons after the subdivision process and let l
be the simplicial chain of P2: Then, for any directed
edge e
*
of P1; the characteristic function f of e
*
on
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Fig. 5. An example of the subdivision process: (a) two polygons and their associated simplicial chains; (b) polygons after the
subdivision process and their associated simplicial chains.
Yu Peng et al. / Computers & Graphics 29 (2005) 57–70 61P2 is given by
f ðe*Þ ¼
1 if e
*
is a directed edge of P2;
0 if  e* is a directed edge of P2;
f lðQÞ otherwise;
8><
>:
where Q is the midpoint of e
*
; and f lðQÞ is the
characteristic function f l on l at the point Q. The
formula for f lðQÞ is given by Deﬁnition 3.
From Theorem 1 and Deﬁnition 6, we have the
following corollary.
Corollary 1. Let P1 and P2 be two general planar
polygons after the subdivision process, and let e
*
be a
directed edge of P1: Then, e
*  P2 if and only if f ðe*Þ ¼ 1;
where f ð e*Þ is the characteristic function f of e* on P2 given
by Definition 6.
The following theorem uses simplex theory to obtain
the Boolean operation result of two polygons.
Theorem 2. Given two general planar polygons P1 and
P2 after the subdivision process, let(1) l1 ¼
Pm
i¼1 ai 
 Si and l2 ¼
Pn
j¼1bj 
 U j be the asso-
ciated simplicial chains of P1 and P2; respectively,
* * * * * *
(2) E ¼ fe 1; e 2; . . . ; e mg and F ¼ ff 1; f 2; . . . ; f ng be the
sets of all the directed edges of the general polygons P1
and P2; respectively,
* * * * * *
(3) E0 ¼ fe j e  P2; e 2 Eg ¼ fe m1 ; e m2 ; . . . ; e mk g;where
1pm1pm2p 
 
 
pmkpm and* * * * * *
(4) F 0 ¼ ff j f  P1; f 2 Fg ¼ ff n1 ; f n2 ; . . . ; f nl g; where
1pn1pn2p 
 
 
pnlpn:Then, the associated simplicial chain of the resultant
intersection polygon P3 ¼ P1 \ P2 is
lP3 ¼
Xk
i¼1
ami 
 Smi þ
Xl
j¼1
bnj 
 Unj ; if E0 \ F 0 ¼ f (1)
or
lP3 ¼
Xk
i¼1
ami 
 Smi þ
Xl
j¼1
bnj 
 Unj 
Xr
h¼1
blh 
 U lh ;
if E0 \ F 0 ¼ ff
*
l1
; f
*
l2
; . . . ; f
*
lr
g; ð2Þ
where n1pl1pl2p 
 
 
plrpnl :
Proof. Let G ¼ fg*1; g
*
2; . . . ; g
*
sg be the directed edge set
of P3; and G^ ¼ fg^1; g^2; . . . ; g^sg be the non-directed edge
set of P3: Let E^ ¼ fe^1; e^2; . . . ; e^mg and F^ ¼ ff^ 1; f^ 2; . . . ; f^ ng
be the non-directed edge sets of P1 and P2; respectively.
From P3 ¼ P1 \ P2; where P1and P2 are the polygons
after the subdivision process, we have
G^  E^ [ F^ :
The interior area of P3 is that of P1 or that of P2; and
the interior area of a general polygon is on the left side
of a directed edge of the polygon. Therefore, any
directed edge from P3 has the same orientation as the
corresponding directed edge from P1 or P2: Thus, we
have
G  E [ F :
For any directed edge g
*
from P3; i.e. g
* 2 G; because
G  E [ F ; we have g* 2 E or g* 2 F : Without loss of
generality, assume that g
* 2 E: Because P3 ¼ P1 \ P2; g*
is fully contained by P2: The interior area of P3 is the
interior area of P2 as well. Therefore, if the non-directed
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Yu Peng et al. / Computers & Graphics 29 (2005) 57–7062edge g^ of g
*
is not a non-directed edge of P2; we have
that g
*  P2 through Deﬁnition 4. Otherwise, the non-
directed edge g^ of g
*
is equivalent to a non-directed edge
f^ of P2: Because the interior area of P3 is on the left side
of directed edges of the both P2 and P3; the correspond-
ing directed edge f
*
of f^ has the same orientation as g
*
:
Thus, g
* ¼ f
*
: According to Deﬁnition 4, we have g
* 
P2 in the case that g^ is a non-directed edge of P2: From
these two cases, we can conclude that g
*  P2:Hence, we
have g
* 2 E0 in the case that g* 2 E; whence g* 2 E0 [ F 0:
Similarly, we could show that g
* 2 E0 [ F 0 for the case
where g
* 2 F as well. Therefore, we have
G  E0 [ F 0:
Similarly, we could show that E0 [ F 0  G: From G 
E0 [ F 0 and E0 [ F 0  G; we have G ¼ E0 [ F 0; i.e. we
obtain all directed edges of the resultant polygon P3:
According to Lemma 1, we build the associated
simplicial chain of the general polygon P3 as shown in
Eqs. (1) and (2). &3. Boolean operation algorithm
The new Boolean operation algorithm is based on the
simplex theory presented in Section 2. At ﬁrst, the
subdivision process is performed on the two general
polygons P1 and P2: Then, we build the simplicial chains
for both general polygons after the subdivision process
according to Lemma 1, and we calculate the value of the
characteristic function for each edge of one polygon on
the other’s original polygon (i.e. the polygon before the
subdivision process) according to Corollary 1. At last,
the simplicial chain of the Boolean operation resultant
polygon P3 is obtained according to Theorem 2, and we
have the polygon P3 from the simplicial chain accordingFig. 6. Pseudo code for theto Deﬁnition 1. Thus, the pseudo code for the Boolean
operation algorithm is as shown in Fig. 6.
The subdivision process is already described in
Section 2. How to build a simplicial chain is presented
in Lemma 1. Fig. 7 gives the pseudo code for calculating
the values of the characteristic functions of the edges of
one polygon on the other polygon.
According to Deﬁnition 6, when a directed edge is
shared by two polygons, both values of the characteristic
functions of this edge on the polygons are 1. In Theorem
2, this edge belongs to E0 as well as F 0: Therefore,
according to Eq. (2), the corresponding simplex of this
edge will be added to the resultant simplicial chain twice
and then removed once. In the above pseudo code, we
force f ðuj ;P1Þ ¼ 0 when uj is such an edge shared by
both P1 and P

2: Hence, the corresponding simplex of
this edge will be added to the resultant simplicial chain
only once. The pseudo code for calculating the resultant
simplicial chain is as shown in Fig. 8.
After the resultant simplicial chain is obtained, we
could obtain the resultant polygon directly according to
Deﬁnition 3. Since the two general polygons and the
resultant polygon are represented by their simplicial
chains (i.e. they are the same as those in the Rivero and
Feito algorithm), we can use Rivero and Feito’s union/
subtraction approaches to calculate the union polygon
and the subtraction polygon with the simplicial chain of
the intersection polygon.
Let n and m be the number of edges of the two
polygons P1 and P2; respectively, and let k be the
number of intersection points and touching points of P1
and P2: For the subdivision process, we extend the plane
sweep algorithm introduced in Refs. [1,3,4] to calculate
the intersection points and touching points. Therefore,
the execution time required by the subdivision process is
Oððn þ mÞ logðn þ mÞ þ kÞ: While calculating the valuesintersection algorithm.
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Fig. 7. Pseudo code for calculating the values of the characteristic functions.
Yu Peng et al. / Computers & Graphics 29 (2005) 57–70 63of the characteristic functions, two double-nested loops
are used, so its execution time is Oððnðm þ kÞ þ mðn þ
kÞÞ ¼ Oð2nm þ kðn þ mÞÞ: The subroutine CALRE-
SULTCHAIN uses two consecutive loops, so its execution
time is Oðn þ m þ kÞ:
Compared to the Rivero and Feito algorithm, the new
algorithm is more efﬁcient, as the execution time
required by their algorithm is Oððn þ kÞðm þ kÞÞ: Thenew algorithm does not need to calculate the levels of all
simplices of the two general polygons as a preprocessing
step as does the Rivero and Feito algorithm, since the
execution time needed for the calculation of the levels is
Oððn þ kÞ logðn þ kÞÞ: Furthermore, the subordination
problem between an edge and a polygon in the
subroutine INTERSECTION of the Rivero/Feito algorithm
is reduced to the problem for determining whether a
ARTICLE IN PRESS
Yu Peng et al. / Computers & Graphics 29 (2005) 57–7064point is on some edges of some simplices or inside the
simplices in the new algorithm. The determination as to
whether a point belongs to a simplex used by this paper
is much simpler and more efﬁcient than the determina-
tion of the subordination between two simplices.4. Experimental results
Rivero and Feito [25] have shown that their algorithm
is robust. This paper compares the results of our
algorithm with those of Rivero and Feito’s. The ﬁrst
example shows that our algorithm is more robust than
the Rivero and Feito algorithm. In this example, the
Rivero and Feito algorithm produces an incorrect result,
while our algorithm achieves the correct result.
The two general polygons are shown in Fig. 9(a), and
the coordinates of their vertices are also shown in this
ﬁgure. The ﬁrst step of the Rivero and Feito algorithm
calculates the intersection points of the edges of the two
polygons, subdivides the edges at these intersection
points, and forms the associated simplicial chains asFig. 8. Pseudo code for calculating the resultant simplicial
chain.
Fig. 9. Example 1: (a) two polygons; (b) associated simplicial chains o
the Rivero and Feito algorithm; (d) result calculated by our algorithmshown in Fig. 9(b), which are
lP1 ¼ S11 þ S12 þ S2  S31  S32 þ S41 þ S42  S5
þ S61 þ S62  S71  S72 þ S81 þ S82
and
lP2 ¼  U11  U12 þ U21 þ U22  U31  U32  U41
 U42 þ U51 þ U52 þ U61 þ U62 þ U7:
The second step of the Rivero and Feito algorithm
calculates the levels of all simplices, and classiﬁes all
simplices in layers according to their levels. In this
example, the result of this step is
P1: layer 1: S11;S12;S2;S61;S81;S82;
layer 2: S31;S32;S71;S72;
layer 3: S41;S42;S62;
layer 4: S5;
and
P2: layer 1: U22;U51;U52;U61;U62;U7;
layer 2: U11;U12;U32;U41;U42;
layer 3: U21;
layer 4: U31:
The third step of the Rivero and Feitos algorithm, which
obtains the associated simplicial chain of the resultant
Boolean operation polygon P3 ¼ P1 \ P2; computes the
data shown in Table 1. In Table 1, the ﬁrst row and the
ﬁrst column list the simplices with their levels in brackets
of P1 and P

2; respectively. The second row and the
second column list the numbers of layers, in which the
simplices contain the given simplex. In the interior of the
table, the entries of two numbers in brackets represent
the combination of subordination and the coefﬁcients of
the given simplices. An asterisk indicates that the
corresponding data should be ignored. At each row,
the sum of the ﬁrst numbers of the entries at this row isf polygons after the subdivision process; (c) result calculated by
.
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Yu Peng et al. / Computers & Graphics 29 (2005) 57–70 65recorded at the last column; and at each column, the
sum of the second numbers of the entries at this column
is recorded at the last row. Then, the simplices, whose
corresponding numbers appear at the last column (for
simplices of P2) and at the last row (for simplices of P

1)
are not zero, are selected to build the resultant simplicial
chain. Hence, the resultant simplicial chain of the Rivero
and Feito algorithm for Example 1 is
lP1\P2 ¼ S11  S32 þ S41 þ S5 þ S62  S71 þ S82  U12
þ U21  U32  U41 þ U52 þ U61:
The resultant polygon calculated by the Rivero and
Feito algorithm is in the gray area as shown in Fig. 9(c).
However, this result is incorrect. It has one extra triangle
with shading. The correct result is shown in Fig. 9(d).
We believe that the reason for this incorrect result is
as follows. From Theorem 3 in Ref. [25], if a simplex is
subordinated to two or more simplices from another
polygon in the same layer, only one of these could make
a contribution to the simplex. In this example, S5 is
subordinated to U31;U32;U41;U42;U51;U52;U61 and
U62: From this theorem, U31; U32 and U51 make
contributions to S5; i.e. the coefﬁcient of S5 in the
resultant simplicial chain is ð1Þð1Þ þ ð1Þð1Þ þ
ð1Þð1Þ ¼ 1þ 1 1 ¼ 1: Therefore, the theorem leads
us to the erroneous conclusion that S5 is a simplex from
the resultant simplicial chain associated with the
intersection polygon.
To illustrate the procedure for calculating the values
of the characteristic functions, in the remainder of the
paper, P1 and P2 are replaced by P

1 and P

2 in the
characteristic functions of the subroutine CALCHARAC-
TEROFEDGE, respectively. As P1 and P

2 are equivalent to
P1 and P2 in shape (the latter have fewer vertices),
respectively, the resultant simplicial chains associated
with the intersection polygons made from them are the
same.
The new algorithm ﬁrst performs the subdivision
process on the two general polygons not only according
to the intersection points but also the touching points. In
this example, after the subdivision process, the two
simplicial chains are the same as those of the Rivero and
Feito algorithm. The simplices and their coefﬁcients are
shown in the ﬁrst row and the ﬁrst column of Table 2,
respectively. Table 2 also shows the procedure for
calculating the values of the characteristic functions of
the edges of one polygon on the other. In the interior of
Table 2, each table cell contains an entry of two numbers
in brackets. Suppose that each cell corresponds to a
simplex S (the ﬁrst row above this cell) of P1 and a
simplex U (the ﬁrst column on the left side of the cell) of
P2; and that the non-original edges of S and U are s and
u; respectively. Then, according to the subroutine
CALCHARACTEROFEDGE in our algorithm, the entry in
this cell is obtained as follows. The following conditions
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Yu Peng et al. / Computers & Graphics 29 (2005) 57–7066are checked one by one from top to bottom. Once this
cell is ﬁlled with an entry, no further more checks are
needed: if s is a directed edge of P2; then the entry is ð0;Þ; and
the number at the last row under this cell is ﬁlled with
the number 1, if s is a directed edge of P2; then the entry is ð0;Þ;
and the number at the last row under this cell is ﬁlled
with the number 0, if u or u is a directed edge of P1; then the entry is
ð; 0Þ; and the number at the last column on the right
side of this cell is ﬁlled with the number 0, if the midpoint of s lies inside U ; then the entry is
ð0; bÞ; where b is the coefﬁcient of U ; otherwise, if the
midpoint lies on an original edge of U ; then the entry
is ð0; b=2Þ; if the midpoint of u lies inside S; then the entry is
ða; 0Þ; where a is the coefﬁcient of S; otherwise, if the
midpoint lies on an original edge of S; then the entry
is ða=2; 0Þ; if none of the above conditions are satisﬁed, then the
entry is ð0; 0Þ:
After the interior cells of the table are ﬁlled, then we
begin to calculate the numbers at the last row and the
last column of the table. At each row, the sum of the ﬁrst
numbers of each entry of this row is recorded at the last
column of the table; and at each column, the sum of the
second numbers of each entry of this column is recorded
at the last row of the table. Then, the simplices, whose
corresponding numbers appear at the last column (for
simplices of P2) and at the last row (for simplices of P

1)
are 1, respectively, are selected to build the resultant
simplicial chain. Hence, the resultant simplicial chain
using the new algorithm for Example 1 is
lP1\P2 ¼ S11  S32 þ S41 þ S62  S71 þ S82  U12 þ U21
 U32  U41 þ U52 þ U61:
The resultant intersection polygon calculated by the new
algorithm is indicated by the gray area shown in Fig.
9(d).
Example 2 shows that our algorithm can deal
with general polygons which share some common
edges. The two general polygons and their associated
simplicial chains after the subdivision process are shown
in Fig. 10(a). The associated simplicial chains of the
general polygons are
lP1 ¼ S1  S21  S22  S23 þ S31 þ S32 þ S33
and
lP2 ¼ U1  U2 þ U3  U41  U42 þ U5 þ U6:
In this example, the simplex S22 is equivalent to the
simplex U2; and the simplex S31 has the opposite
ARTICLE IN PRESS
Table 3
Data calculated for Example 2 using the new algorithm
S1ð1Þ S21ð1Þ S22ð1Þ S23ð1Þ S31ð1Þ S32ð1Þ S33ð1Þ f ðU j ;P1Þ
U1ð1Þ ð0; 0Þ ð0; 0Þ ð0;Þ ð0; 0Þ ð0;Þ ð1; 0Þ ð0; 0Þ 1
U2ð1Þ ð; 0Þ ð; 0Þ ð;Þ ð; 0Þ ð;Þ ð; 0Þ ð; 0Þ 0
U3ð1Þ ð0; 0Þ ð0; 0Þ ð0;Þ ð0; 0Þ ð1;Þ ð0; 0Þ ð0; 0Þ 1
U41ð1Þ ð; 0Þ ð; 0Þ ð;Þ ð;1Þ ð;Þ ð; 0Þ ð; 0Þ 0
U42ð1Þ ð0; 0Þ ð0; 0Þ ð0;Þ ð0; 0Þ ð0;Þ ð0; 0Þ ð0; 0Þ 0
U5ð1Þ ð0; 0Þ ð0; 0Þ ð0;Þ ð0; 1Þ ð0;Þ ð0; 0Þ ð0; 0Þ 0
U6ð1Þ ð0; 0Þ ð0; 0Þ ð0;Þ ð0; 0Þ ð0;Þ ð0; 1Þ ð0; 0Þ 0
f ðSi ;P2Þ 0 0 1 1þ 1 ¼ 0 0 1 0
Fig. 11. Example 3: (a) two polygons with their associated simplicial chains; (b) the resultant polygon (in gray).
Fig. 10. Example 2: (a) two polygons with their associated simplicial chains, (b) the resultant polygon (in gray).
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Yu Peng et al. / Computers & Graphics 29 (2005) 57–7068orientation to the simplex U41: Table 3 shows the
procedure for calculating the values of the characteristic
functions.
Therefore, we have the resultant simplicial chain
lP1\P2 ¼ S22 þ S32  U1 þ U3
and the resultant intersection polygon is shown in
Fig. 10(b).
Example 3 is shown in Fig. 11. The two general
polygons P1 and P2 are concave. P2 has a hole, and
some vertices of P1 lie on some edges of P2: The
associated simplicial chains of P1 and P

2 after the
subdivision process are
lP1 ¼ S11 þ S12  S21  S22  S31  S32 þ S41 þ S42
þ S43 þ S44 þ S51 þ S52  S61  S62  S63
and
lP2 ¼ 0U11 þ 0U12 þ 0U13  U2 þ U31 þ U32  U4
 U51  U52  U6 þ U71 þ U72 þ U73  U8
þ U9 þ U10:
In the above formula, some coefﬁcients are equal to 0.
Those entries should not be removed. Zero coefﬁcient
values indicate that the simplices have degenerated into
line segments. Table 4 shows the procedure for
calculating the values of the characteristic functions.
Therefore, we have the resultant simplicial chain
lP1\P2 ¼ S42 þ S44 þ S51  S62 þ 0U11 þ 0U13  U2
þ U31  U52  U6 þ U71 þ U73
and the resultant intersection polygon is shown in
Fig. 11(b).
Performance data of the de Berg et al. algorithm, the
Rivero and Feito algorithm and the new algorithm are
shown in Table 5. The data is shown in a chart in Fig. 12
which makes the comparison easier to follow. All
algorithms were implemented on a personal computer
with a 1.7GHz Intel Pentium IV CPU and 256MB
RAM, and the source code of all three algorithms was
compiled with the Microsoft Visual C++ 6.0 compiler
using the same byte alignment (8 bytes) and optimiza-
tion options. In Table 5, the numbers of edges in both
general polygons are listed in the ﬁrst column, i.e. both
polygons have the same number of edges. The numbers
below tde Berg; tRivero and tNew are the execution times (in
millisecond), respectively, used to calculate the Boolean
operation results for the de Berg et al. algorithm, the
Rivero and Feito algorithm and the new algorithm. We
used a very large number of examples to test the three
algorithms. The execution time is obtained by averaging.
The improvement factors of the new algorithm over the
other two algorithms are also listed in Table 5. Table 5
and Fig. 12 show that our algorithm is more efﬁcient
than the de Berg et al. algorithm, and the execution time
required by the new algorithm is less than one-third of
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Fig. 12. Performance chart using: the de Berg et al. algorithm, the Rivero and Feito algorithm and the new algorithm.
Table 5
Performance results using: the de Berg et al. algorithm, the Rivero and Feito algorithm and the new algorithm
Numbers of edges tde Berg (ms) tRivero (ms) tNew (ms) tde Berg=tNew tRivero=tNew
3 0.17410 0.08637 0.02679 6.50 3.22
5 0.29786 0.13235 0.03929 7.58 3.37
10 0.48708 0.27364 0.07814 6.23 3.50
20 0.97175 0.90293 0.24748 3.92 3.65
30 1.59237 1.72743 0.46227 3.44 3.74
40 2.08146 2.97129 0.77523 2.68 3.83
45 2.59044 3.95988 1.01165 2.56 3.91
50 3.14897 5.07541 1.23712 2.54 4.10
Yu Peng et al. / Computers & Graphics 29 (2005) 57–70 69that required by the Rivero and Feito algorithm. The de
Berg algorithm needs to correct the situation of half-
edges around each intersection point after it is calcu-
lated. The Rivero and Feito algorithm has to calculate
the levels of all simplices of the two polygons.5. Conclusions
A new algorithm for Boolean operations on general
planar polygons is presented. The new algorithm uses
simplex theory to solve the Boolean operation problem.
The associated simplicial chains of general polygons
have played a very important role while calculating the
result of Boolean operation. At the beginning, the
associated simplicial chains of the two general polygons
are created; and in the end, the Boolean operation
resultant polygon is obtained via its associated simplicial
chain. The new algorithm is very simple. After the
subdivision process, the algorithm only requires some
inclusion tests to determine whether a point is on an
edge of a simplex or inside a simplex, and a few addition
operations of some real numbers.Acknowledgements
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